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1 Introduction

When faced with two competing hypotheses, economic agents often have to strike a balance
between optimally using their current information on the one hand, and investing in the
production of new information on the other hand. When doing so, they have to take into
account the impact of their decisions not just on themselves, but on their partners and
competitors also; indeed, the latter may benefit from the information a given agent produces.
Think e.g. of two jurisdictions, or two hospitals, which are faced with a certain disease that
could either be caused by a virus or by a bacterium.! Now, either hospital has to decide which
of the two competing hypotheses to investigate, e.g. by administering either an antibiotic or
an anti-viral drug. Once one of them has found out which hypothesis is true, both benefit
from the discovery. Thus, while the costs of experimentation have to be borne privately,
any information an agent produces is a public good. This makes for a situation in which a

player’s experimentation decisions are strategic, in that they affect the other player’s payoffs.

I model this trade-off as a three-armed strategic bandit problem.? Specifically, I consider
two players operating three-armed exponential bandits in continuous time. One arm is safe
in that it yields a known flow payoff, whereas the other two arms are risky, i.e. they can
be either good or bad. The risky arms are meant to symbolize two mutually incompatible
hypotheses. In the baseline case, I assume that it is common knowledge that exactly one
of them is good. In Section 6, I extend the analysis to the case in which there is some
chance that both hypotheses may be bad, while maintaining the assumption that the two
hypotheses cannot be true at the same time; i.e. it could be that the disease is neither caused
by a virus nor by a bacterium (it could e.g. be genetic), but it is certainly not caused by
both. Players are playing exact carbon copies of the same bandit machine; conditional on the
state of the world, draws are iid between the players (i.e. players are playing so called replica
bandits). The bad risky arm never yields a positive payoff, whereas a good risky arm yields
positive payoffs after exponentially distributed times. As the expected payoff of a good risky
arm exceeds that of the safe arm, players will want to know which risky arm is good. As
either player’s actions, as well as the outcomes of his experimentation, are perfectly publicly
observable, there is an incentive for players to free-ride on the information the other player

is providing; information is a public good.

Observability, together with a common prior, implies that the players’ beliefs agree at
all times. As only a good risky arm can ever yield a positive payoff, all the uncertainty is

resolved as soon as either player has a breakthrough on a risky arm of his and beliefs become

1See Klein & Rady (2011).
2For an overview of the bandit literature, see Bergemann & Vilimiiki (2008).



degenerate at the true state of the world. As all the payoff-relevant strategic interaction is
captured by the players’ common belief process, I restrict players to use stationary Markov
strategies with their common posterior belief as the state variable, thus making my results

directly comparable to those in the previous strategic experimentation literature.

Players have to bear experimentation costs privately; the benefit, by contrast, is public.
There are thus obvious incentives for players to free-ride on their partner’s experimentation.
Indeed, inefficiency because of free-riding has been a staple result of the literature on strategic
experimentation with bandits. Using distributional assumptions similar to ours, Keller et
al. (2005) e.g. have shown that in the game with positively correlated bandits, the efficient
benchmark is never sustainable in equilibrium.> In Klein & Rady (2011), however, full
efficiency, regarding both the amount and the speed of experimentation, is an equilibrium
if, and only if, stakes are below a certain threshold. In the present setting, by contrast, I
show that, if players know that exactly one risky arm is good, free-riding incentives can be
completely overcome if and only if the stakes exceed a certain threshold; in this case, there
exists an efficient equilibrium. The result extends to the imperfect negative correlation
setting of Section 6 in the sense that, for high enough stakes, there exists an equilibrium

that leads to players’ behaving efficiently provided their prior beliefs are optimistic enough.

The rest of the paper is structured as follows: Section 2 reviews some related literature;
Section 3 introduces the model; Section 4 analyzes the utilitarian planner’s problem; Section
5 analyzes the non-cooperative game, exhibiting a necessary and sufficient condition for the
existence of an efficient equilibrium; Section 6 investigates the robustness of our main result
to a more general correlation structure; and Section 7 concludes. Some auxiliary results and

proofs are provided in the Appendix.

2 Related Literature

Chatterjee & Evans (2004) analyze a treasure-hunting game in discrete time, where it is
common knowledge that exactly one of several projects is good. As in my model, they
allow players to switch projects at any point in time. The game ends as soon as one of
the players finds the treasure. As in my model, they find that, for high enough stakes,
there exists an efficient equilibrium. The forces leading to this result are very different
from those at work in my model, though. The nub is that the Chatterjee & Evans (2004)
game also involves payoff externalities, in the sense that if player 1 finds the treasure it is

lost to player 2. In actual fact, their winner takes all, and hence internalizes all the social

3See also Bolton & Harris (1999,2000), and Keller & Rady (2010).



gains of his discovery. In my model, by contrast, externalities are purely informational in
nature; when one agent makes a discovery, the other agent fully profits from the information
generated by this breakthrough, as he will imitate his partner’s successful approach in the
future. Thus, Chatterjee & Evans’ (2004) model may be better-suited e.g. to the analysis of
experimentation by rival firms competing for market share; mine may be more appropriate
to the case of different jurisdictions investigating the impact of various treatment options
for a particular disease, or if e.g. one wants to analyze free-riding incentives by scientists

working for the same firm or in the same lab, and the like.

My model lets agents choose themselves which hypothesis to explore; Klein & Rady
(2011) by contrast assign one hypothesis each to either player. The comparison between my
model and Klein & Rady (2011) would suggest that delegation was a good idea if the stakes
at play were high; if the stakes are low, however, it can be better to assign one hypothesis
each to either player, the comparison suggests. Indeed, it is notable that, depending on the
circumstances, firms or institutions seem to pursue quite different approaches in this respect.
For instance, subsequently to marked growth in the number of its research laboratories and
facing increasing competitive pressures, 3M, which arguably makes more low-stakes prod-
ucts such as adhesives and abrasives, moved to restrict scientists’ discretion over their work,
which had traditionally been very vast (see Bartlett & Mohammed, 1995). By contrast,
firms in the arguably more high-stakes pharmaceutical sector moved in the opposite direc-
tion. Swiss pharmaceutical giant Novartis, for instance, entered into a multi-million five-year
agreement with the Department of Microbial and Plant Biology at Berkeley, CA, delegating
project decisions to a committee being comprised of five experts, only two of whom were
Novartis employees (see Lacetera, 2008)—a scheme that can reasonably be interpreted as
a commitment device on the part of Novartis to delegate project choice to their scientific
partners in academia. A somewhat similar deal had earlier been signed by Thousand Oaks,
CA, based pharmaceutical company Amgen and MIT; Lawler (2003) quotes MIT biologist
Nancy Hopkins: “There was no attempt by either side to change the direction of our basic

research” in the aftermath of the agreement.*

The present paper belongs to the literature on strategic experimentation with bandits.
While bandit models have been analyzed as early as the 1950s (see e.g. Bellman, 1956, Bradt
et al, 1956, Robbins, 1952), their use in economics harks back to the discrete-time model

of Rothschild (1974). Whereas the first papers analyzing strategic interaction featured a

4The optimal allocation of research projects between academia and the commercial sector is the subject
of papers by Aghion et al. (2008), as well as by Lacetera (2008), who interpret academia as a commitment
device for principals not to interfere with scientists’ discretion. The frictions at the heart of both of these
papers rely on the assumption that scientists’ preferences diverge from those of economically oriented, profit-

maximizing, firms.



Brownian motion model (Bolton & Harris, 1999, 2000), the exponential framework I use
was first analyzed by Presman (1990) in a single-agent setting, and has proved itself to be
more tractable (see Keller et al, 2005, Keller & Rady, 2010, Klein & Rady, 2011). In this
literature, my paper is most related to Keller et al. (2005) and Klein & Rady (2011). Keller
et al. (2005) show that with replica two-armed bandits there does not exist an equilibrium
in cutoff strategies,® and that the amount, as well as the speed, of learning are inefficiently
low in equilibrium. Klein & Rady (2011) show that with perfectly negatively correlated
two-armed bandits there are equilibria in cutoff strategies; the long-run amount of experi-
mentation is always at efficient levels, though the speed of experimentation may be too low.
However, there exists an efficient equilibrium if, and only if, the stakes are below a certain
threshold. These results extend to the case of imperfect negative correlation in the sense
that there will always exist an equilibrium in cutoff strategies in which the long-run amount
of experimentation will be at the efficient level. In my model, players play replica bandits,

and both players will have access to both types of risky arm at any time.

While the afore-mentioned papers, as well as the present one, assume both actions and
outcomes to be public information, Bonatti & Hoérner (2011) analyze strategic interaction
under the assumption that only outcomes are publicly observable, while actions are private
information. Rosenberg et al. (2007), as well as Murto & Valiméki (2011), analyze the
two-armed problem of public actions and private outcomes in discrete time, assuming action
choices are irreversible. Recently, there has also been an effort at generalization of existing
results in the decision-theoretic bandit literature. For example, Bank & Follmer (2003), as
well as Cohen & Solan (2009), analyze the single-agent problem when the underlying process

is a general Lévy process.

Camargo (2007) also analyzes the problem of a single decision maker, who faces a two-
armed bandit with correlated arms. He considers any number of possible states of the world
as well as quite general distributional assumptions. He shows that if the set of outcomes
can be ordered in such a way that higher outcomes are good news for one alternative and
bad news for the other, a cutoff policy is optimal.® As, in general, beliefs are only partially
ordered, cutoff beliefs need not be unique. In the baseline case of the present paper, strategic
interaction between two players is analyzed in a setting with only two possible states of the
world, so that beliefs can be represented by a single number in [0, 1]; Section 6 extends the

analysis to three possible states of the world.

The present paper is also somewhat related to the Moral Hazard in teams literature, to

SA cutoff strategy is a strategy of the form “play risky if and only if my belief exceeds a given cutoff.”
6Tn this more general setting, a cutoff policy is of the form “if arm A is used at a given belief, then arm

A is used at higher beliefs as well.”



which Holmstrém (1982) provided the seminal contribution. He found that the introduction
of a principal acting as a budget breaker was apt to achieve first-best effort levels on the
part of team members. Manso (2011) formalizes an agent’s decision among an established
production method of known yield, an innovative method with as yet unknown yields, and
shirking, as a three-armed bandit in a two-period principal-agent model. His focus is on
the wage schemes a principal would optimally offer the agent to induce him to choose the
principal’s preferred production method. In Klein (2012), I show that in a continuous-time
model, the availability of the known production method either renders the implementation

of the unknown method impossible, or does not distort its costs at all.

3 The Model

I consider a model of two players, each of whom operates a three-armed bandit in continuous
time. One arm is safe in that it yields a known flow payoff of s > 0; both other arms, A and
B, are risky, and in the baseline case, it is commonly known that exactly one of these risky
arms is good and one is bad. The bad risky arm never yields any payoff. The good risky
arm yields a positive payoff with a probability of A dt if played over a time interval of length
dt; the appertaining expected payoff increment amounts to g dt. Players discount payoffs at

the common discount rate r > 0.

The constants r, A\, s and g are common knowledge; the only uncertainty is which of
the two risky arms is good. The common prior is that A is good with probability pg. This
belief evolves based on the history of experimentation and payoffs. These are commonly
observable and so the players continue to have a common belief (probability that arm A is

good), which we denote by p;, at all times ¢ > 0.

At each point in time, both players receive a flow endowment of one unit of a perfectly
divisible resource. FEither player’s objective is to maximize his own expected discounted
payoffs by choosing the fraction of his endowment flow that he wants to allocate to either
risky arm. Specifically, either player i € {1,2} chooses a stochastic process {(k; 4, ki ) (t) }o<t
which is measurable with respect to the information filtration that is generated by the
observations available up to time ¢, with (k; 4, k; 5)(t) € {(a,b) € [0,1]* : a+b < 1} for all ¢;
k; a(t) and k; p(t) denote the fraction of the resource devoted by player ¢ at time ¢ to risky

arms A and B, respectively.” Throughout the game, either player’s actions and payoffs are

"Here, putting a fraction of the available resources on a risky project means that the probability of getting
a lump-sum reward is reduced at any moment of time, but the size of the reward does not change. It can
also be viewed as an approximation for a situation in which only one arm can be pulled at any moment but

a policy may change arbitrarily quickly between the arms, spending fraction k; 4 (k; p) of the time on arm



perfectly observable to the other player. Specifically, player i seeks to maximize his total
expected discounted payoff

E [/OOO re” " (1= kia(t) = kip(t)s + (kia(t)pe + kip(t)(1 = p)) g] dt|

where the expectation is taken with respect to the processes {p; }ier, and {(ki a, ki) (t) }ier, -
As can immediately be seen from this objective function, there are no payoff externalities
between the players; the only channel through which the presence of the other player may
impact a given player is via his belief p;, i.e. via the information that the other player is

generating. Thus, ours is a game of purely informational externalities.

As only a good risky arm can ever yield a lump sum, breakthroughs are fully revealing.
Thus, if there is a lump sum on risky arm A (B) at time 7, then p, =1 (p, = 0) at all t > 7.
If there has not been a breakthrough by time 7, Bayes’ Rule yields

,
poe Mo Kaudt

poe Mo Kawdt (1 — pg)eN o Kpedt?

pr =

where Ky := k1a(t) + koa(t) and Kp; := ki p(t) + kop(t). Thus, conditional on no

breakthrough having occurred, the process {p; };er, will evolve according to the law of motion

P = —(KA,t - KB,t))‘pt(l — Dt)
almost everywhere.

As all payoff-relevant strategic interaction is captured by the players’ common posterior
beliefs {p; }+cr, , it seems quite natural to focus on Markov perfect equilibria with the players’
common posterior belief p; as the state variable. As is well known, this restriction is without
loss of generality in the planner’s problem, which is studied in Section 4. A Markov strategy
for player i is any piecewise continuous function (k; 4,k p) : [0,1] — {(a,b) € [0,1]?* :
a+b <1}, pr — (kia,kip)(pt), meaning that it is continuous at all but a finite number of
points. Following Klein & Rady (2011), I say that a pair of Markov strategies is admissible
if there exists at least one well-defined solution to the corresponding law of motion of beliefs;
in case of multiple solutions, the unique solution that is consistent with a discrete-time
approximation is selected.

Given an admissible strategy pair ((k1,4, k1,8)(pt), (k2,4, k2,5)(pt)), the players’ belief is

given by
poe Mo Kalp)dt

poe_)‘foT Ka(pt)dt + (1 - pO)e_/\ IOT Kp(p)dt’

Pr =

A (B), for instance.



if there has not been a breakthrough by time 7, with Ka(p:) = ki a(pt) + ko,a(pr) and
Kg(pt) = k1.5(pt)+kao p(p:). Each admissible strategy pair (ky, k2) = ((k1.4, k1.8), (k2.4, k2.8))
induces a pair of payoff functions (uy,us) with u; given by

ui(plky, k) =
| [ e {(atnp+ ka1 = p)g + 1= Fua) = b))} ] =)
0
for each i € {1,2}. For strategy pairs that are not admissible, I set u; = uy = —o0.

In the subsequent analysis, it will prove useful to make case distinctions based on the
stakes at play, as measured by the ratio of the expected payoff of a good risky arm over

that of a safe arm (£), the players’ impatience (as measured by the discount rate r), and the

s
Poisson arrival rate of a good risky arm A, which can be interpreted as the players’ innate

ability at finding out the truth: I say that the stakes are high if £ > Artd) . stakes are

() 2r+3X7 (i)
4(r+A) . 2r4+A. g 2(r+
Sran 275 they are very low if £ < S5

intermediate if iﬂr—? <fc< stakes are low if £ <

4 The Planner’s Problem

First, we investigate a benevolent utilitarian planner’s solution to the two-player problem at
hand. As the planner does not care about the distribution of surplus, and both players are
equally apt at finding out the truth, all that matters to him is the sum of resources devoted
to either type of risky arm, K4(p;) and Kp(p;), respectively. Put differently, the planner’s
problem is equivalent to that of a single agent controlling twice the resources. In order
to make his value function comparable to that of our players, we normalize the planner’s
value by the factor % Now, straightforward computations show that the planner’s Bellman

equation is given by®

up) = s + max {KA [BA@, u) - M} t Kg [BB@, u) - &} } |

{(KA,KB)€[0,22: K s+ K <2} 2 2

where ca(p) :== s — pg and cp(p) := s — (1 — p)g measure the myopic opportunity costs
of playing risky arm A (risky arm B) rather than the safe arm. By contrast, Ba(p,u) :=
2plg — u(p) — (1 — p)u/(p)] and Bg(p,u) := 2(1 — p)[g — u(p) + pu'(p)] measure the value
of information gleaned from playing risky arm A (or risky arm B, respectively).? As the

Bellman equation is linear in the planner’s choice variables, it is without loss of generality

8By standard arguments, if a continuously differentiable function solves the Bellman equation, it is the

value function.
9By the standard principle of smooth pasting, the planner’s payoff function from playing an optimal

policy is once continuously differentiable.



for me to restrict attention to corner solutions, for which it is straightforward to derive

closed-form solutions for the value function, which are exhibited in Appendix A.

The optimal policy depends on whether the stakes at play, as measured by the ratio

2, exceed the threshold of ::;i or not. Note that ¢ < 1—;:\\) if and only if p5 > 1, where
Dy = m It will be convenient furthermore to define the odds ratio Q(p) := %,

and U1 := 5—=%5¢g , the planner’s payoff when investing one unit each per risky arm. The

2( +)\)
planner’s solution is summarized in the following proposition:

2(r+/\)
r42X 7

sources in arm A on (p5,1]; in arm B on [0,1 — p2) and in the safe arm on [1 — p5, p3]. The

Proposition 4.1 (Planner’s Solution) If ¢ the planner will invest all his re-

corresponding payoff function is given by

g [1 — P+ prsp (Q(p)Q(pS))fﬂ if p<1-ps

u(p) =4 ¢ if 1—p;<p<ps,
2)p3 Q 23 . *
g [p + 2/\p;pir(1 —p) (Q((pp;))> ] if p > ps.
If ¢ j:gi , the planner will invest all his resources in arm A on (%, 1], and in arm

B on [0,%). At p = 5, he will split his resources equally between the risky arms. The

corresponding payoff function is given by

A -1 L

glp+ 550 -pQp)=] if p 2 L
. . . . . _2(r+N)
Either solution is optimal if ¢ = o

Proor: Optimality is established by a standard verification argument, which is in Klein
(2011) and omitted here. ||

Note that if the stakes are very low, there is no option value to the initially less promising
risky arm, since the planner will never make use of it. As is easily verified, the optimal
solution in this case implies incomplete learning. Indeed, let us suppose that it is risky arm
A that is good. Then, if the initial prior pg is in [0, 1 — p}), we have that lim; ,., p; = 1 — p}
with probability 1. If py € [1 — p}, p3], then p; = po for all ¢, since the planner will always
play safe. If pg € (p3, 1], it is straightforward to show that the belief will converge to p} with
probability & Q(p 9 L while the truth will be found out (i.e. the belief will jump to 1) with the
counter- probabllity. Hence, there is always a positive probability that the true state of the

world will not be found out, i.e. learning is incomplete.



If > %, however, which is the case if and only if %;; > s, the planner will never
avail himself of the option to play safe; his solution will ensure that learning be complete,
i.e. that the truth will eventually be found out with probability 1. As the planner does not
care which of the risky arms is good, the solution is symmetric around p = % At the switch
point p = % itself, the planner’s actions are pinned down by the need to ensure a well-defined
law of motion of the state variable. Thus, there is now an option value to the initially less
promising risky project, as the planner will make use of it with strictly positive probability,

whatever his initial belief py € (0,1) may be.

At the knife-edge case of ¢ = %, the planner is indifferent over all three arms at
p = % Yet, in order to ensure a well-defined time path of beliefs, he has to set K A(%) =

Kg(3) €[0,1].

The single-agent optimum has the same structure as the planner’s solution; all that
changes in the relevant differential equations is that 2\ is replaced by A. Of course, the

relevant cutoffs will also change as a result: In the single-agent problem, complete learning

will obtain for ¢ > QTT/\’\; for ¢ < 2:;&’\ the agent will switch from risky arm A to the safe

arm at the cutoff belief p} := —(r+/\7“)z —~

Thus, whenever the stakes are below the relevant threshold, the second risky option does

> p5, and from risky arm B to the safe arm at 1 — pj.

not play a role; hence, it is not surprising that the same cutoff will be applied as in the
problem with two-armed exponential bandits, where p] and pj are the relevant cutoffs in
the single-agent problem and the planner’s problem with two replica bandits, respectively,
as Proposition 3.1 in Keller et al. (2005) shows.

5 Equilibria of the Non-Cooperative Game

Proceeding as before, I find that the Bellman equation for player i (i # j) is given by!"

u;i(p) = s + kjaBa(p,u;) + k; s Bp(p, u;)

& kl B s Wi ) — + kz B , Ui ) — .
{(ki,A7kz‘,B)e[gvll]2}5{ki,A+ki,B§1}{ A [ A(p " ) CA(p)] B [ B(p N ) CB(p)]}

As players are perfectly symmetric in that they are operating two replicas of the same

bandit, the Bellman equation for player j looks exactly the same. On account of the linear

0By the smooth pasting principle, player i’s payoff function from playing a best response is once contin-
uously differentiable on any open interval on which (k; 4, k; 5)(p) is continuous. If (k; 4, k; p)(p) exhibits a

jump at p, u/

%(p), which is contained in the definitions of B4 and Bp, is to be understood as the one-sided

derivative in the direction implied by the motion of beliefs. In either instance, standard results imply that
if for a certain fixed (k; ,k; ), the payoff function generated by the policy (k; a, ki g) solves the Bellman
equation, then (k; 4, k; p) is a best response to (kj a,k; B).

9



structure of the optimization problem, we can restrict our attention to the nine pure strategy
profiles, along with three indifference cases per player. Each of these cases leads to a first-
order ordinary differential equation (ODE). A leading case is exhibited in Appendix A; a

full overview can be found in Klein (2011).

The linearity of the problem provides us with a powerful tool to derive necessary con-
ditions for a certain strategy combination ((ki a,k15), (ka.a,ks)) to be consistent with

1 As an example, suppose player 2 is

mutually best responses on an open set of beliefs.
playing (1,0). If player 1’s best response is given by (1,0), it follows immediately from the
Bellman equation that it must be the case that Ba(p,uq) > ca(p) and Ba(p, u1)—Bg(p,u1) >
ca(p) — ep(p) for all p in the open interval in question. Moreover, we know that in the open

interval in question, the player’s value function satisfies

2Xp(1 — p)uy(p) + (2Ap 4 r)us(p) = (21 + 7)pg,

which can be plugged into the two inequalities above, yielding a necessary condition for
(k1.4,k1.8) = (1,0) to be a best response to (k2 4, k2 5) = (1,0). Proceeding in this manner
for the possible pure-strategy combinations gives us necessary conditions for a certain pure-
strategy combination to be consistent with mutually best responses on an open interval of

beliefs. I report these necessary conditions as an auxiliary result in Appendix A.

It is noteworthy that, as we can see immediately from the Bellman equation, a player
only has to bear the opportunity costs of his own experimentation, while the benefits accrue
to both, which indicates the presence of free-riding incentives. For future reference, I define
the myopic cutoff belief p™ := g by ca(p™) = 0. A player who was only interested in
maximizing his current payoff would switch from risky arm A (B) to the safe arm at p™
(1—p™).

Such free-riding incentives would also appear in a much simpler model without uncer-
tainty.!? Suppose the safe arm, which, when pulled, yielded a payoff flow of s, was paired
with an arm that was known to be good, and to yield a lump sum of h, to be shared equally by
both players, according to a known Poisson distribution with parameter (ky ¢ + k2t)A, where
(K14, ko) € [0,1]? denoted the proportion of his unit endowment flow that either player
devoted to the Poisson arm at instant ¢. As is easy to verify, efficiency would require both
players to pull the good arm if A\h > s; the players would be willing to do so in Markov

equilibrium, however, only if % > 5 .13 Hence, efficiency would prevail in equilibrium for

11 As we keep player j’s strategy (k; a,k; ) fixed on an open interval of beliefs, player i’s value function
u; (i # j) is of class C* on that open interval. Therefore, by standard arguments, u; solves the Bellman

equation on the open interval in question.
12T am indebted to an anonymous referee for pointing this out.
13 As here the Poisson arm is known to be good, i.e. beliefs are degenerate, the Markov restriction essentially

10



very large and very small Ah. For s < Ah < 2s, however, efficiency would require both
players to use the good arm, but they would both prefer to play safe in equilibrium. Yet
if there is some chance that the Poisson arm is bad, and never yields any payoffs, then in
the case of many unsuccessful draws, players’ beliefs may reach a level of pessimism such
that the expected payoff from pulling the Poisson arm enters the free-riding region, however
large A\h may be. As even very optimistic players know that this is going to happen with
positive probability at some point down the road, their equilibrium utility is lower than in
the efficient benchmark. This is why in these sorts of problems, there is typically too little

experimentation in equilibrium.*

By contrast, I find that the planner’s solution is compatible with equilibrium if and only
if stakes exceed a certain threshold. This may at first glance seem surprising given that, in
contrast to Chatterjee & Evans (2004), a player does not fully internalize the benefits of
his discovery. Indeed, players provide a positive informational externality through their ex-
perimentation; any information a player generates helps his partner make better decisions
in turn. This is the reason why efficiency is not sustainable in equilibrium in Keller et al.
(2005). In Klein & Rady (2011), this calculation changes, though, when the stakes are so
low that the players’ respective single-agent cutoffs do not overlap: In this case, the more
pessimistic player will never play risky under any circumstances, which the more optimistic
player will anticipate, and hence behave efficiently. However, the efficient equilibrium dis-
appears as soon as the relevant single-agent cutoffs overlap and free-riding incentives kick in

again.

While it is not surprising that the utilitarian planner, who now has more options, should
always be doing better than the planner in Klein & Rady (2011), who could not transfer
resources between the two types of risky arm, it may seem somewhat surprising that, for high
stakes, the players should now be able to achieve even this higher efficient benchmark, while
they could not achieve the lower benchmark in the perfectly negatively correlated two-armed
model in Klein & Rady (2011). Indeed, with the stakes high enough, free-riding incentives
can be overcome completely in non-cooperative equilibrium, as the following proposition

shows.

Proposition 5.1 (Efficient Equilibrium) There exists an efficient equilibrium if and only

rg 4(r+X)
if 52 5

PROOF: See Appendix B. |}

requires players to pick one arm and stick with it.
14See Bolton & Harris (1999, 2000) Keller et al. (2005), Keller & Rady (2010).
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Since players are playing replica bandits, there will never arise a situation in which one
player is optimistic while the other one is pessimistic; as soon as one player finds it optimal
to experiment in isolation then so will the other player, and free-riding incentives enter the
picture again. Therefore, the Klein & Rady (2011) channel effecting efficiency cannot be
at work here, whatever the stakes might be. For high stakes, a different channel will kick
in, though: On account of perfect negative correlation between the risky arms, players will
never simultaneously be very pessimistic about both prospects. Hence, for stakes above a
certain threshold, they would never consider the safe option. This is even though they are
still exerting a positive externality, which they do not mind, however, as individual incentives
to foreswear the safe option are strong enough. Moreover, since there are no switching costs
in my model, players would use the risky arm that looks momentarily more promising if
they were left to their own devices. Thus, in the absence of specific incentives to deviate
from this policy, they would do what efficiency requires. In particular, if the other player
behaves efficiently, a player’s best response calls for behaving efficiently also; i.e. there exists

an efficient equilibrium.!®

In Chatterjee & Evans’ (2004) efficient equilibrium, players behave myopically. Note
that this is not necessarily the case here, as the relevant threshold above which free-riding
incentives are totally eclipsed is lower than 2 (above which experimentation becomes costless,
i.e. myopically optimal, at all beliefs). This is because players take the learning benefit of
experimentation into account, at least to the extent it benefits the player himself. Thus, it
is no surprise that the relevant threshold should be increasing in the players’ impatience 7,

and decreasing in the informativeness of experimentation, as measured by .

For beliefs below this threshold, one can still construct a symmetric Markov perfect

equilibrium.'® If stakes are intermediate, i.e. 28 < ¢ < 404N gyich an equilibrium features
r+A s 2r+4+3X7
complete learning, as efficiency requires. If the stakes are low, ie. £ < iﬁr—+/\)‘, there exists

an equilibrium in which players exclusively use the safe arm on [1 — pf,pj]. Hence, this

equilibrium implies incomplete learning, while efficiency requires complete learning for ¢ >
2(r4+M)
42\ °
delegating project choice to the agents was a good idea since it increased experimentation

intensities, this conclusion need not hold for ¢ < 2701—*)1\ For this case, Klein & Rady (2011)

have shown that if agents are assigned one of the projects each, the unique equilibrium

Thus, while our analysis would unambiguously suggest that, if stakes were high,

5Holmstrom (1982) shows that a team cannot produce efficiently in the absence of a budget-breaking
principal, on account of payoff externalities between team members. By contrast, my analysis shows that,
in a model with purely informational externalities in which players can choose whether to investigate a
given hypothesis or its negation, the efficient solution is an equilibrium if the stakes at play exceed a certain

threshold.
16See a previous version for details (Klein, 2011).
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features an experimentation intensity of 1 for the more promising project throughout [0,1 —
pi)U(p}, 1]. By contrast, in the equilibrium for low stakes we have mentioned here and which
is discussed in more detail in Klein (2011), the overall experimentation intensity increases
continuously from 0 at pj to 2 at some p > p} (decreases continuously from 2 at 1 —p to 0 at
1 —pt). Thus, for initial beliefs just above pj, for instance, the rate of experimentation may
be higher if scientists do not have the freedom to choose the hypothesis they are working
on. Hence, if the stakes are low, as arguably they might be at a company like 3M, it might
make sense to restrict scientists’ discretion, whilst delegation would seem advisable in more

high-stakes sectors, such as pharmaceutics, for instance.

6 Generalized Pessimism

Heretofore, we have assumed that players are certain that exactly one of their risky arms is
good. The purpose of this section is to investigate whether our main result that free-riding
incentives can be overcome for stakes exceeding a certain threshold extends to situations of
generalized pessimism a la Klein & Rady (2011). In this setting, there are three possible
states of the world: Either only arm A is good, or only arm B is good, or neither arm is good.
Thus, the types of arms A and B are still negatively correlated, yet the negative correlation
is no longer perfect. Following the constructive approach in Klein & Rady (2011), I show
that the results for this case will be mixed: There does not exist an equilibrium in which
players behave efficiently at all beliefs; however, if the stakes are high enough and initial
general pessimism is low, it is possible to construct a symmetric Markov perfect equilibrium
prescribing efficient behavior at all beliefs that are reached with positive probability along
the path of play.

Our state variable (pa, pg) will now be two-dimensional, with pr; denoting the players’
(subjective) probability at time ¢ that arm I € {A, B} is good. Thus, = ;’;’:ﬁ is an (inverse)
measure of initial general pessimism. As before, players i will be restricted to stationary
Markov strategies (k;a,kig) : [0,1]> = {(a,b) € [0,1]*> : a +b < 1}. Admissibility of

strategies is defined in analogy to the case of perfect negative correlation. The laws of

motion of beliefs are given by

pA,t = _)\pA,t [KA,t(l - PA,t) - KB,th,t] ’

and
pB,t = _)\pB,t [KB,t(l - pB,t) - KA,tpA,t] .

As our state space is now two-dimensional, the derivation of explicit solutions for players’

payoff functions now requires the solution of Partial Differential Equations (PDE). Details
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are provided in Appendix A.

The following proposition summarizes the efficient benchmark for this case. The relevant
cutoff is again given by p3, as in the case of perfect correlation. When the probability of
being good drops below this threshold for both arms, the planner will give up and henceforth
play safe. At all other beliefs, the planner will devote all of his resources to the arm that
is more likely to be good. When both arms are equally likely to be good, he uses both at

equal intensity.

Proposition 6.1 (The Planner’s Solution) The planner sets (K4, Kg) = (0,0) if (pa,pp) €
[Oup;]2; (KA7 KB) = (270) prA > max{pl%p;}; (KAaKB) = (07 2) prB > max{p/hp;}; and
(Ka, Kp) = (1,1) if pa = pp > p5.

PROOF: Proof is by a verification argument, see Appendix B. |}

. . . . . . 4(r+M)
In the following proposition, I show that, if the stakes are high, i.e. if 2 > 3 —ax there

exists a region of prior beliefs which attach little enough weight to both arms’ being bad, such

that, starting out from these prior beliefs, players” behavior will be efficient with probability 1
in the equilibrium I construct. However, in marked contrast to the case of perfect correlation,
there never exists an equilibrium in which players behave efficiently at all beliefs, no matter
how high the stakes may be. Indeed, as in the case of perfect correlation, players are not
willing to put in the required effort at beliefs close to p3. Yet, with imperfect correlation,
there are some points in the belief space at which the probability that the more promising
arm will be good is discouragingly low, something that never happens for high enough stakes
when the correlation is perfect. Hence we can have an efficient equilibrium in the latter case

but not in the former.

The key to the construction of an equilibrium that achieves efficient behavior given op-
timistic prior beliefs is that once beliefs reach the 45-degree line in (p4, pp)-space, deviations
are precluded by the admissibility requirement that strategies lead to a well-defined time
path of beliefs which is consistent with Bayes’ rule, a logic similar to that applying at the
point p = % in the case of perfect correlation. Thus, efficiency can be attained if and only

if players are still optimistic enough at the moment they reach the 45-degree line, which is

PB,0 PB,0

= 1 (perfect correla-

the case for high enough ratios . In the limiting case when

1-pa,o0 1-pa,o
tion), the 45-degree line collapses to the point p = %, and players are still optimistic enough
when they reach that point if and only if the stakes are high, i.e. £ > ésﬂr:?’):\)' In case this

inequality holds with strictness, there exists an n > 0 such that if 1@;—;‘00 > 1 —n, players
are still optimistic enough to do the work efficiency requires of them when beliefs reach the

45-degree line. The following proposition summarizes these findings.
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Proposition 6.2 (Generalized Pessimism) If pgo < 1 — payg, there does not exist an

efficient equilibrium. If £ > QS"T;;\, there exists an n > 0 such that, if lpBO > 1—-mn,

there exists an equilibrium in which players’ behavior coincides with the eﬁiczent benchmark

with probability 1. If £ < 2Tj3’\/\, players behave inefficiently with positive probability in all

equilibria for all non-degenerate prior beliefs pao—+ppo < 1 not in [0,p3]* U{(pa,pB) : pa =
pB}-

PrRoOOF: Here, 1 give a very short sketch of the proof, the full proof being provided in
Appendix B.

Player i’s Bellman equation is given by (i # j)

w(pa,pp) =S+ kjaBa(pa,pp,u) + kj sBg(pa, ps, )

+ (kméix : {kia[Ba(pa,pp,u) —ca(pa)l + ki g [Bg(pa,pp,u) — cs(ps)]} -
i, Ak B

By symmetry, we can focus on the case psag > ppo. We note that if only arm A is used on a
time interval [¢,¢ + A) (with A > 0) pB’T - remains constant for all 7 € [t,t + A). Now, let

. PB,0
pA,0>pB,Oaa’ndx' 1PA0_1

ca(pa) for py close to pj (Where uP denotes the value function of the planner’s problem).

. It is now straightforward to show that Ba(pa, pg,u’) <

This already establishes that there is no efficient equilibrium if ppo < 1 — pap.

+2
Now let ¢ < 2(T+3/\) For this case, one can show that, for each z € <—p2 ) Ba(pa,ps,u’) <

4(r+X)
s — 2r+3)\7

inefficiently with positive probability in all equilibria for all non- degenerate prior beliefs

Pao+pBo < 1notin [07293]2 U {(pA,pB) pA = pB}-

ca(pa) for pa > pp and pa close to pg. This establishes that if £

players behave

Now, let £ > 2[4?3):\ One shows that there exists a neighborhood A of x = 1 such that,

for all z € N, Ba(pa,ps,u’’) > ca(pa) and Ba(pa,pp,u’’) — ca(pa) > Bg(pa,pp,u’’) —

cg(pp) for pa > pp and ”—i € N. The proof now constructs an equilibrium such that,
PB,0

starting from prior beliefs (pa0,pp0) satisfying = € N, players’ behavior be efficient

throughout with probability 1.

In this equilibrium, actions at beliefs p4 > pp are as follows: Both players play safe if
pa < ps. If pa = pp > pi, one player plays (1,0) while the other plays (0,1) until we reach
(p5,p3). If pa > max{pp,pi} and pB € N, both players use arm A. If p4 > max{pg, p;}
and % ¢ N, both players mix over arm A and the safe arm close to the 45-degree line in

(pa,pB)-space (if z > 122*) or the line py = p; (if z < 132*), respectively. Away from the
1 1

45-degree line or the line p4 = p} respectively, both players use arm A if p4 > max{pg, p{}.

If pp < pa < pi, both players play safe. At beliefs ps < pp, the symmetric actions prevail,

with the roles of arm A and arm B reversed. That these strategies constitute mutually
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best responses is established by a verification argument, the details of which are provided in
Appendix B. |}

7 Conclusion

I have analyzed a game of strategic experimentation with three-armed bandits. We have
seen that when the two risky arms are perfectly negatively correlated, the efficient solution
can be sustained as a Markov perfect equilibrium if and only if stakes are high. While
making my results easily comparable with the existing literature, the restriction to Markovian
equilibria of course rules out history-dependent play, which is familiar from discrete time,
yet technically rather intricate to formalize in continuous time. Appropriate continuous-time
concepts can e.g. be found in Bergin & MacLeod (1993). Hérner et al. (2013) extend the
analysis of the experimentation game with replica two-armed Poisson bandits a la Keller
& Rady (2010) to non-Markovian equilibria. While a full characterization and analysis of
non-Markovian equilibria lies outside the scope of this paper, it seems clear that simple

“grim trigger” equilibria could achieve the efficient outcome for a substantially larger set of

2(r4+-M) g 4(r+)\)
r+2A < s < 2r+3\

beliefs p, p € (0,1), with p and p very close to 0, and 1, respectively. On (p,p), the payoft

parameters. Indeed, for stakes that are not very low, i.e. for consider

in the planner’s solution is bounded away from the payoff in the Markov perfect equilibrium

g 4(r+)
for § < 575

deviation with an immediate and indefinite reversion of play to the symmetric Markov perfect

that we have mentioned above. Thus, the threat of punishing any unilateral

equilibrium gives players appropriate incentives to behave efficiently on (p,p). On [0, Q] U

[p, 1], meanwhile, players want to behave efficiently even if deviations are ignored. If ¢ <
2(r+\)
r+2X\ 0
p =0 and p = 1, players’ utility in the planner’s solution is bounded away everywhere from

however, this simple construction fails, as it is now no longer the case that, away from

that in the Markov perfect equilibrium.

We have seen that our results to some extent generalize when we additionally allow for
the possibility of both risky arms’ being bad; indeed, if players initially assess the likelihood
of both arms being bad as low enough, there exists an equilibrium inducing efficient behavior
with probability 1. In future research, it could be interesting to explore the additional
trade-offs arising when players differed with respect to their innate learning abilities, as
parameterized by the Poisson arrival rate of breakthroughs. Analyzing these additional
trade-offs that would appear, if, say, player 1 was able to learn faster on risky arm A, while
player 2 was faster with risky arm B might yield insights into conditions under which there

is excessive, or insufficient, specialization in equilibrium.
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Appendix

A Closed-Form Solutions And An Auxiliary Result

Closed-Form Solutions for the Case of Perfect Negative Correlation

If ((1,0),(1,0)) is played, both players’ value functions satisfy the following ODE:

2\p(1 — p)u’(p) + (2Ap + r)u(p) = (2A + r)py,

which is solved by

g

u(p) = pg + C(1 —p)Q(p)2~,
where C' is some constant of integration. The same solution also applies to the planner’s value
function if (K4, Kp) = (2,0) prevails.
If ((0,1),(0,1)) is played, the roles of p and 1—p are reversed, and both players’ value functions
satisfy the following ODE:

—2Xp(1 = p)u'(p) + (2A(1 = p) +r)u(p) = 2A +7)(1 - p)g,

which is solved by
u(p) = (1 = p)g + CpQp) 2.

The same solution also applies to the planner’s value function if (K4, Kp) = (0,2) prevails.
If the players’ belief freezes, as is e.g. the case when ((0,1), (1,0)) obtains, the players’ values

are linear. Thus, in the case of ((0,1),(1,0)) for instance, we have

A+ r(l—p)
wl) =50
A+Tp

In this case, the planner’s value, being the average of the two, is constant, 2?:'7?‘) g = U11.
Solutions for the other six pure strategy profiles, as well as the three indifference cases, are
exhibited in Klein (2011).

An Auxiliary Result

The logic we discussed in Section 5 of the main text gives us the following auxiliary result, which

will be useful in the proof of Proposition 5.1.

Lemma A.1 Consider players (i,j) € {1,2}2\ {(4,i) : i € {1,2}}, and let P C (0,1) be an open
interval of beliefs in which the action profile remains constant, and let p € P.
Let kj(p) = (0,0). Then the following statements hold:

o If player i’s best response is given by k;(p) = (0,0), then u;(p) = s.
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o If playeri’s best response is given by k;(p) = (1,0) or k;(p) = (0,1), then u;(p) > max{s, 2”;’\>\g}.

Let kj(p) = (1,0). Then the following statements hold:

o If player i’s best response is given by k;(p) = (0,0), then %ﬁrmg < ui(p) < 28— pg.

)\-‘rr —p)

o If player i’s best response is given by k;(p) = (1,0), then u;(p) > max{ 9,28 — pg}.
o If player i’s best response is given by ki(p) = (0,1), then u;(p) = Mg and p < min{l —

m A }
) 2r+3A

Let kj(p) = (0,1). Then the following statements hold:

o If player i’s best response is given by k;(p) = (0,0), then )‘Jrrpg < wu;i(p) <2s— (1 —p)g.

/\+Tp m T2\

’ 2r43X7°

o Ifplayeri’s best response is given by k;(p) = (1,0), then u;(p) = 572 g and p > max{p

o If player i’s best response is given by k;(p) = (0,1), then u;(p) > max{ )‘”pg, 2s—(1—p)g}.

As Q:ig\A <3 L < QTT‘:?)\, the lemma immediately implies that in no equilibrium ((1,0), (0,1)) or
((0,1),(1,0)) can arise on an open interval. If furthermore ¢ > 2, and hence 2s — pg < %ﬁ;p)
for all p € [0, 1], then ((1,0),(0,0)), ((0,0), (1,0)), ((0,1),(0,0)) and ((0,0), (0,1)) cannot arise on

an open interval either.

Explicit Solutions for the Case of Imperfect Correlation (Section 6)

If (Ka,Kp)=(0,0), both players’ payoff function u satisfies u = s.
For (K4, Kp) = (2,0), we verify that lfﬁA is constant. The PDE is given by

ou ou
2Apa(l —pA)a— — 2)\pAp38— + (r+ 2 pa)u = (r +2X\)pag,
PA PB

which, as in Klein & Rady (2011), we find is solved by

u=pag+ fa <1 prA> to(pa),

with

T +p
i (p) = —-22 io(p),
and aj > 0.
For (K4, Kp) = (1,1), we verify that 2 i is constant and find that the players’ average payoff

is given by

r+ 2\ B

u= +pp)g+ uo(pa +
) (pa+pB)g+ 11 (p) o(pa +pp),
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. From Klein & Rady (2011), we know that

N——
>3

with uo(p) := (1 - p) (152

p

andu > 0.

If a player is indifferent between arm A and the safe arm, his payoff function u satisfies
ou ou
Apa(l —pa)m— — Apapp— + Apau = (r + N\)pag — rs.
Opa Opp

This is solved by
r+ A r 1- =
u:s—i-)\(g—s)—i-)\s(l—pA)ln( pA)—l—f( P5 )(l—pA).

pa

B Proofs

Proof of Proposition 5.1

Suppose £ > 25?:3)‘; What is to be shown is that the action profiles ((1 0),(1,0)) and ((0,1),(0,1))

are mutually best responses on (%,

down a player’s response to the other player’s action. By the characterlzatlon of efficiency (see

1], and |0, ) respectively. At p = = adm1881b111ty uniquely pins

Proposition 4.1), both players’ respective value function if efficiency prevails is given by:

) g|l—p+=25p0p) 25| if p<3
up) = e

glp+2x(1=pQp)| if p> 3.
Now, by Lemma A.1, it is sufficient to show that u(p) > max{%j;p)g, 25 — pg} on (%, 1], and
u(p) > max{ ﬁff 9,2s—(1—p)g} on [0, 3). Ishall only consider the former interval, as the argument
pertaining to the latter is perfectly symmetric.

Simple algebra shows that if ¢ > é(::;;\), w(p) = pg everywhere in [3,1].
1

Since u(%) = w(3), and u is strictly increasing while w is stmctly decreasing in (;, 1), the claim

>\+7’(1 p)g > 25 —

follows.

2(r+A 4(r4+M\)
< i< 2(r+3)\’

that w( ) > w(3) = u(3), and, therefore, by Lemma A.1, there exists a neighborhood to the right

Suppose and define w(p) := 2s — pg. It is now straightforward to show

of p= 5 in which (1,0) is not a best response to (1,0).

2(r+X)
r+2\
solution (see Proposition 4.1), we know that the planner’s value function is given by

Suppose that the stakes are very low, i.e. £ < . From our characterization of the efficient

2X =21 -
g [1 p+ QAppiTp (€2(p)2(p3)) 2*] if p<1-ps,
u(p) = ) if 1-p5<p<p3,
2\p5 Q 2X .
g[p st (1) (i) } it p>pj
and that Ba(ps,u) = A(Qp 2 For the efficient actions to be a best response, 1t is necessary that

(pz)

Ba > ca on (ph,1]. Yet, since u is of class C'!, we have that limy, s Ba(p,u) = < ca(ph), as

ps<p™ |
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Proof of Proposition 6.1

The planner’s Bellman equation is given by

u=s+ oo L | Batoarma) - B0 4 Ky | Boapo, - 02 |

(KA»KB) 2
with \ 5 5
u u
B = — — — (1 —
A(pa,pB,u) PA [g u— ( pA)ap +pB 8p3}
A ou ou
B =2 —u—(1—
B(PA,PB, ) B [g u— ( pB)apB +pa 8@}}

ci(pr):=s—prg for I = A, B.

By symmetry, we only need to look at beliefs py > pp. We define x := 1“;;? < 1, and note
that whenever Kp; = 0, P ﬁ “— remains constant, i.e. if pa o > pp and (2,0) prevails, beliefs move
toward the 45-degree line in (p AsDB)- space along the stralght line pp = (1 —pa)z. We make a case
distinction depending on whether = > 7 p* or r < 1 v dealing with the knife-edge case x = 1p ’;2
at the end.

Case r > 1f 2
2
12;. As z < 1, this implies p} < 3, i.e. g> % Along

the 45-degree line, i.e. for py = pp =: p, we have seen in Appendix A that the planner’s payoff

function for our conjectured solution is given by

r =+ 2\

Ull(PAapB) = m

B
(pa+pB)g+ [ (pA) uo(pa + pB)-
Value matching at (p}, p3) pins down ff; (1) =: C*, and gives us

T+ 2 .
uty (pa,pp) = )(pA +pB)g + C*uo(pa + pB)

2(r + A

_r2X %
with C* = %. One verifies that C* > 0 if £ > zr(:_’;i), i.e. if the stakes are not very low, and
1
Py <3

Let us now turn to the (2,0) region. As we have seen in Appendix A, the payoff function here

is given by
PB .
usy = pag + f (1 -~ p,4> io(pa)-

Value matching at (w+1’ z+1) gives us

Py x A x N 2x
Fao(@)tio (x—i—l) = Az p1d T <x—|—1>’

i.e.
)\ T T T T T
fi@) = e+ O (L 2) K e =2 {

A + C*Q_KUO(Q:)} .
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In order to show that the planner’s behavior is indeed optimal, we fix an = > 15 iﬁ and check
that By > % and By — % > Bp — ¢ for all (pa,pp) in the (2,0)-region along the ray defined by

x. From the closed-form solution, we have that

r
Do g DL yio(p) + - @ialpa)
and ouly 1 /
G = 1t (@)io(pa).
Thus,
Ba = 2f20($)uo(p,4)

Hence,

Ba>" T = pag + [R(@)io(pa) 2 s (B.1)

As the left-hand side is a strictly convex function in py, we are going (1.) to check optimality at
pa = 757, and (2.) then check if the derivative of the left-hand side of (B.1) with respect to p4 at
pa = 77 is non-negative (holding x fixed as we move along the ray given by our z). If both (1.)
and (2.) hold, it follows by convexity that B4 > % for all p4 > 77 along our particular ray.

We note that by value matching (1.) is equivalent to udj <xi+1, fﬁ) = ul] (xi_i_l, ﬁ) > s.

We define i(p) := ul](p,p). Using the explicit expression for C*, we have that

N "+ 2\ 42\, ) uo(2p)
U = + 15— .
(p) =y ( AP v
As u(p3) = s, and 4 is a strictly convex function of p for ¢ > 2157:;?), with @' approaching 0 as
p | p5, we can conclude that @ is strictly increasing on (p3, %), and hence that u(p) > s for all

p € (3, 3]-
Regarding point (2.), we have that the derivative of the left-hand side of (B.1) with respect

to pa at pa = _75 is non-decreasing if and only if

+1
r r 42X\ A Tz +1 2x ”
_ C* <'q. B.2
(2)\+ 2 a:) [r+/\g+ x u0<x+1>}_ g (B-2)
Noting that 1 — 2p3 = TE22p% (g - 2;:2? s), and that value matching at (p},p3) implies that
C*up(2p3) = %p%% [g - 25:2:\\) S:|, we have that 0?1072(53@ = Ti)\s. Thus, we can re-arrange (B.2)

to

(s i) e il

By direct calculation, one shows that this condition exactly binds at = = -~ 2

g~ as well as at x = 1.
-

The derivative of its left-hand side with respect to x works out as

ﬂ(_s+f)_i r_r+2
2tr+ A Y o) 2 \2r N 2N
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Thus (B.2), and hence (B.1), hold

6u
PA

This derivative is strictly negative if and only if x <
1] so that we can conclude that By > for all pa > - 1 along any given ray

for all z € [lp%

—(pa — pB)g. After plugging in for

T € [1 — 1} .
It remains to verify that 2(Bg — Bg) >" ¢4 —cp =
from the explicit solution to the payoff function, we find that
o —(pa—pB)3. 5

dau
r+2)\

r ) 7B (@)iin(pa) + 2(1 - ) i >uo<pA>}

A
Bs—Bp = —
A B=7 { —PBY + <2 N
Again we want to check if this holds for every (pa,pp) along a given ray z. Thus, we can replace

B by pa(l — ), and get
A o
(pa) + ~2(1 =) fop ()0 (pa)

B — Bp >’ ?
PA r+ 2\ 7"+2)\
<:>£J{2—(—29A)JC 5 }4‘(% fao(@)to
We have that -
’ _r BY X *xo— L
(@) = 5 @) + b {ng— w5,
Using that, by the equation for f1)(z), we have that C*2 Nug(x) = 272 fap(2) ri)\xg, we can
rewrite this as P (o) ; .
'p f20 T T X +x A T X +x
— — 1 .
20 (7) = [2)\ 1—x] r+/\x2Ag[ +1—1‘
This gives us
)\ ’ r 4+ 2)\ A T
Yol - 0 ff0) =~ fhe) (b + 52 ) + 2ty
Thus, our condition simplifies to
—c r+ 2\ A o
s B g2 s B 2
i = 77, as expected. (2.) As the

Ba— Bp >
2
(1.) It is immediate to check that this condition binds at p4 =
condition is strictly convex in p4, we will again check whether the derivative of its left-hand side

is non-negative. At py = 277, this derivative works out as
v r—+ 2\ x
x2x 1)5 |1 U
of e ()

T _

at pa = ;79
22X
[1+r+

1

2

which exactly equals 0 as g (35 +1>
x. Hence, we can conclude that arm A is indeed optimal in the region we conjectured
Along the 45-degree line, where (1, 1) prevails in our conjectured solution, deviations to any

* 9
i Y Y
action profile (a,b) with a # b are ruled out by admissibility considerations. By the linearity of

i (=2 ) =
Thus, we have shown that arm A is strictly preferred to arm B for all p4 > ‘1 along our ray
the Bellman equation, we thus only have to rule out a deviation to (0,0), which is unprofitable as

<0 for all I € {A, B}. This completes the proof for

(p) > s for all p > pb.
pr < p5 implies that By —

On [0, p3]?,
P3
1-p5 -
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p3
1-p3

Case = <

As before, in the (2,0)-region, the planner’s value function is given by

PB .
uby = pag + f1 (1 >uo(pA)-
—pa
Here, though, value matching at (pa,pp) = (p5, (1 — p3)z) gives us

s —p3g
fP T)= —~——F"~ >
20( ) uo(p;)

i.e. f1) is a constant that is independent of z. We have

Ouyy _ g- s tPa (s = p39) tio(pa)
Opa pa(l —pa) o (p5)
and p
Juy, _0
Opp '
Thus, we get
to(pa) _7 1 cA « \Uo(pa) o
By =1i(s—p5g)— >" 3(s —pag) = — <= pag+ (s —psg)— > s
z(s ~Pig) a(ps) 2 /=53 (s =73 )UO(pé)

(1.) This binds at pa = p5. (2.) As before, this condition is strictly convex in py4, so that

it is sufficient to verify that the derivative of its left-hand side with respect to p4 at pa = p3 is

S=p3g _ 2\
1-p5 = r+2X

5 — P59 r
g 1—pj ( +2)\p’2‘) 97975

i.e. we indeed have B4 > < for all p4 > p3 along our ray x.

non-negative. Using the fact that s, we find that this derivative at p4 = p5 works out

as

It remains to be shown that the planner prefers arm A over arm B as well. Here, we will show
that the safe arm is preferred over Arm B, i.e. that Bg < 2. Since we are checking optimality

along a given ray x, we can again replace pg by (1 — pa)x. We have that

CB to(pa) o T
Bg<' 2 &— (1- g — (s — ph z < s.
B< S (1 —=pa)rg — (s — p39) ) S Tron

(1.) At pa = p3, this holds if and only if z < 16 gps. (2.) The left-hand side of the condition is
strictly concave in p4. Hence, it is enough to show that its derivative with respect to p4 at p4 = pj
is non-positive. By plugging in the explicit expression for p3, we find that this derivative works
out as , .
ox T P2 .
p5(1 —p3)
i.e. we indeed have Bp < & for all pa > p5 along our ray z.
As before, on [0, p5]?, p; < p} implies that By — 4 <0 for all I € {A, B}. This completes the

proof for the case x < 13 2* as well.
2

—zg + (s — pag) =0,

.
As is easily verified, the planner’s solution is continuous and smooth at x = %, and either
2
* * *
argument for x | 1%* orx T 12";* can be extended to the case z = %. |
2 2 2
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Proof of Proposition 6.2

Player i’s Bellman equation is given by (i # j)

w(pa,pB) = s+ kjaBa(pa,ps,u)+k;jBp(pa,pB,u)
+ max ){ki,A [Ba(pa,pB,u) —ca(pa)l + ki.g [Be(pa,pr,u) — ce(pB)]}-

ki aki B

Suppose there exists an efficient equilibrium. Then both players’ payoff functions in this

P and neither player must have an incentive to

equilibrium are given by the planner’s solution u
deviate given this payoff function. Let x < %, and pao > pBo. At pa = p3, we have that

Ba(pa,pp,uf’) = % < ca(pa) where the last inequality follows from the fact that pj < p™.

A unilateral deviation to (k; a, ki g) = (0,0) in the (2,0)-Region of the presumed equilibrium is
admissible since it does not alter the direction of the motion of beliefs; it only slows down its speed.
Moreover continuity of B4(pa,pp,u’) and c4 implies that such a unilateral deviation is profitable
close to p4 = p5, implying that there does not exist an equilibrium in which players’ behavior is
efficient at all beliefs.
Now let = > ﬁgp;.
Proposition 6.1 above), we have that player i prefers arm A over the safe arm if and only if

Using the expression for B4 from the planner’s solution (see proof of

L @) ao(pa) + pag > s,

with fz% the same function as in the planner’s solution (see proof of Proposition 6.1 above). It
is immediate to show that the derivative of the left-hand side of this condition with respect to
pa at pa = ;75 (keeping z fixed) is g + %f%(:n)% (ﬁ) > g+ fl(z)ug (ﬁ) > 0, where the
second inequality follows from the proof of the planner’s solution (Proposition 6.1). Thus, by strict

convexity of g, a necessary and sufficient condition for player i to prefer arm A over safe is given
T T P T :
by Ba (erl’ a1 U ) Zca (:Hl)’ 1.e.

xr ?

1eP( N\~ x .
2f20(®)lo <x+1)+x+192 5

By value matching in the planner’s solution, we know that f)(x)o (xi-i-l) +

_z
T

+
—
Q
I
g
/~
8
Fl=
—
~——

so that the condition simplifies to

- x L ? - x T
5 >'s — > 25 — ——g. B.3
u(w+1>+2x+1g_ ° u(x—i—l)_ § x—l—lg (B-3)

The left-hand side is continuous and increasing in . Thus for the condition to hold at any =z, it is

[N

necessary that it hold at x = 1, which one shows to be the case if and only if % > 4r+A) Thus,

2r4-3X "
if 4 > 42&7”:3/\)\), there exists a neighborhood of x = 1 such that for all  in that neighborhood and

all p4 along the given ray x, arm A is preferred to the safe arm given the opponent plays (1,0),

and given that efficiency will prevail once beliefs reach the 45-degree line. Thus, as symmetric
4(r+X)
2r4+3X 7
with positive probability in all equilibria for all non-degenerate prior beliefs pa o + ppo < 1 not in

arguments apply for beliefs pp > pa, we have shown that if 2 < players behave inefficiently
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[0,p3]> U {(pa,pB) : pa = pp}. Thus, we henceforth assume that 7> 42(:++3)‘>\). Direct calculation

shows that a(p}) < rr'f)f\ (p; —p3)g + s < 2s — pig, where the second inequality is verified for all

g > 2;:;:\\) Thus, (B.3) is definitely violated at all z < 13% + ¢ for some ¢ > 0.
It remains to show that, in the case that (B.3) holds, arm A is preferred over arm B as well.

We have that

A A r
Tt + —xHﬁﬂo(pA) >7 0.
r

Bia—Bp>"ca—cp = pa—(1—pa)x

z+1 aci—l—l
. Moreover, we have that the derivative of the left-hand side of this condition with respect to pa

Using the fact that g (ﬁ) = £ 2% one immediately verifies that this condition binds at ps =

at pa = ;77 (keeping x fixed) is given by %(1 + x) > 0. Thus, by convexity of g, arm A is indeed
12
1-p5

preferred over arm B for all p4 > 15 and all z > (assuming that efficiency will prevail once

beliefs reach the 45-degree line).
4(r+X)
Suppose < > 2:+3/\.

we shall construct an equilibrium such that, starting from these prior beliefs, players’ behavior be

Suppose that (pa,0,pB,0) is such that (B.3) holds . In the following

efficient throughout with probability 1.

In this equilibrium, actions at beliefs p4 > pp are as follows: Both players play safe if p4 < p3.
If pa = pp > p3, one player plays (1,0) while the other plays (0,1) until we reach (p3,p3). If
pa > max{pg,pj} and (B.3) holds, both players use arm A. If p4 > max{pp,pj} and (B.3) does

not hold, both players mix over arm A and the safe arm close to the 45-degree line (if x > 16 Ip*)
1
or the line py = p} (if z < 120* ), respectively. Away from the 45-degree line or the line p4 = p}
1

respectively, both players use arm A if p4 > max{pp,pi}. . lf pp < pa < pj, both players play safe.

At beliefs py < pp, the symmetric actions prevail, with the roles of arm A and arm B reversed.

*

Py
1-p7-
Near p4 = pj, players are mixing over the safe arm and arm A. As we have seen in Appendix A,

We shall now focus on the situation where (B.3) is violated, and first turn to the case z <

players’ payoffs in this region satisfy

UZS“‘T—;/\(Q_S)"‘:5(1_pA)1n<1_pA>+f< . )(1—p,4)-

DA 1—pa

By value matching at (p}, (1 — p})x), we find that

: r+Ag—s r (1—p’f> ~
x)=— — —sln =:C,
/@) A l—pf A P

i.e. f is independent of x. (This is not a surprise, since players are never using arm B, and hence
do not care about pp.) Thus, players’ payoffs are independent of pp and their payoff function can

be written as u(pa,pp) = u(pa), with @ given by

N r+A pa—pi T [ <1—p,4> 1—pt
upa)=s+—F—>(9g—85)——7F + (1 —pa) |In —In(——].
(va) o )R (s ) [~ p1

This is strictly convex in p4, and @/(p4) approaches 0 as p4 | p;. Hence, @ is strictly increasing in

pa, for pg > pi.
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In this mixing region, both players devote proportion k4 of their unit endowment flow to arm
— dpa)=s

A, with the rest going to the safe arm. The proportion is given by EA(pA) = aton)
strictly increasing with 4(pj) = s, and c4 | 0 as p T p™, the belief p4 < p™ which is implicitly

As 4 is

defined by k A(pa) = 1 is well-defined and unique. Players’ payoffs are s on [0, pj], are given by

u(pa,pp) = u(pa) on [pi,pal, and on [pa, 1] are given by u = pag + foo(x)tio(pa), with fao(z)
defined by value matching at (pa, (1 — pa)z), i.e.

pag + to(Pa) fao(x) = W(pPa) = 25 — pag = fao(x)to(Pa) = 2ca(pa)-

As 4 is independent of z (i.e. independent of pg), k4 is independent of z (i.e. independent of pp)
as well. It thus follows that p4, and hence foo(z), are independent of x, i.e. foo(z) = const =: C.
Put differently, in the (2, 0)-region, u(pa, pg) = t20(pa) with

Gi90(pa) = pag + Ciao(pa)-

Aspa < p™, éao(m) = 2c4(pa) > 0 implies that C > 0 and hence that Qg is strictly convex.
By construction, By = ¢4 in the mixing region, and players are indifferent between arm A
and the safe arm. We shall now show that the safe arm is preferred to Arm B. As 4 is independent

of pp, we can use 8%3 = 0 to re-write the PDE for the indifference region as

ou
Apa(l —pA)% = (r+ A)pag —rs — Apau.

Plugging this into the defining equation for Bp, we find that

A A
Bp :pAacg—{—;:E(g—u)—:L‘s <"s—(1—paeg=cp < ;[a:g—u]—l—:r:g— (1+x)s<"0.
As u > s, for this it is sufficient that z < % It is straightforward to show that M >
g—rs (A+r)g—rs

1f ’1;,{ if and only if p7 < %, i.e. if and only if % > 2723‘, which holds by our assumption that
% > é(::;;\). Thus, we can conclude that a deviation to arm B would be unprofitable in this mixing
region.

Next, we turn to the (2,0)-region. As fog is constant in x, and hence 8‘%; = 0, we have that

B~ Ba=(pa— (1 p)a)(g — u) ~ Spa(l— pa)(1+ )5

By the PDE for the (2,0)-Region, we have that

ou
2Apa(l —pA)@ =(r+2\)pag — (r +2\pa)u

or

22pA(1 — pa)ihy(pa) = (r 4+ 2\)pag — (r + 2Apa)iizo(pa)-

By convexity, for gy to be increasing in the (2,0)-region, it is sufficient for it to be increasing at

pa = Ppa, which we shall verify by showing smooth pasting at pa, i.e. that @/ (pa—) = by(Pa+),
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where @/ (pa—) denotes the limy, 15, @' (pa) and @' (pa+) = limy,, 5, @' (pa) along the given ray x.
Indeed, by the PDE for the indifference region,

MoA(l —pa)i/ (pa—) = (r + X)pag — rs — A\pai(pa),

whereas, by the PDE for the (2,0)-region,

“ A ~ r “ r R “ R
ApA(l — pa)isy(Pat) = (5 + A) PAg — (5 + ApA) U0 (PAa)-

By plugging in @(pa) = t20(pa) = 25 — pag, one shows smooth pasting, i.e. @' (pa—) = G20(pPa+).
Yet, by the strict convexity of 4, we have that w5 (pa) = @' (pa) > @/'(pj) = 0 since pg > pi. We
can thus conclude that, on (p7, 1), players’ payoffs are strictly increasing in p4.

Plugging in the PDE gives us

A
Ba=Bp=—Talg—u)+ 3L+ 2)(u—pag) > xg —pa(l+x)g=ca—cp
Az Ar oz n
— u_
rer+1 T x+lg

L(u+pag) >"0.

By monotonicity of u, we have that u > 2s — pag > 2s — pag (since pa > pa). Thus a sufficient

condition is given by %xiﬂu — ’\jf” 9+ s >"0. As u > s, for this in turn it is sufficient that

1f ;* . Thus, we can conclude that a deviation to arm B would be unprofitable

T *
i SPL = TS

in this region as well.

It remains to show that a deviation to the safe arm is not profitable either. Again using the

PDE, we find that
U —
By = % > s —pag=ca <= S(u+pag)>"s.

As u > 2s — pag, this holds, and we can conclude that a deviation to Safe would be unprofitable
in this region as well.
Pi
1-p7>

We now turn to the case x >

matching at (397, ;57), we find that

and again first consider the mixing region. By value

~ r+ A r r 42X
f@)=—(1+a)s - S+ a)g - 9) + Tshn(e) +

2z
xg+ C*(z + 1)ug (a: n 1)

in the players’ payoff function

u=st "5 g -+ fst - o () 4 7 (22 1)

ba

It thus follows that

Fla) = ou . r+ A +r—|—2)\ L 1+$<1—|—L)C*u 2z
- Opp A 7"—1—)\9 A 1l—=x Az Ner1)”
In this mixing region, players devote k4 of their unit endowment flow to arm A, with the rest going

UInd. (pA)*S

” , where ur,q.(pa) denotes the

to the safe arm. The proportion is given by ka(p4) =
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players’ payoff in the indifference region along the fixed given ray x under consideration. We define
as pa(z) the belief at which k4 = 1. AS ujpnq. (xiﬂ) =u (#H), pa(z) > 55 by our assumption
that Condition (B.3) is violated. I will now show that pa(x) (defined by u(pa(x)) + pa(z)g = 2s)
is well-defined and unique. In order to do so, we show that pag + unq. (pa) is strictly increasing in
pa € (357,1). First, we note that

OUsnd. r [ <1—p,4> 1 ] -
——|afized = — %5 |In + — | — f{x),
Opa o ised A PA PA /(@)

and hence that uy,q is strictly convex in p4 for fixed given x. It is thus sufficient to show that

0 ~
g+ “I ‘:Eflzed >0at pg = $+1, which, by using C*ug (ﬁ—fl) =1 (;ﬁ) - Trf/\’\ z_’ilg, one shows

to be equ1valent to

A 1
g|l——+r+2A —r8m+ >" it ° .
I+ T z+1
As (B.3) is violated, we have that u (IH) < 2s —

above condition it is sufficient that = > f i”f' Thus we can conclude that pa — pag + urng.(pa)

+F79- Using this, one shows that for the

( x+1’ xLJrl’
level 2s at a belief p4a(x) < p™. Suppose to the contrary that there does not exist such a belief

1] — R) is strictly increasing on ( 1). Next we show that this function reaches the

pa(x) < p™. Then, by continuity of u,q4., the Mean Value Theorem implies that p™ g+ urnq. (p™) <
25 = Urpa.(p™) < 5. Aslimp g urna. (p) = +oo and limypy urpg. (p) = g+5(9—5) > Urna. (gﬁ%) =

0 (gﬁ%) (where the equality follows from value matching at (x 3 +1>)’ UJng. assumes a (unique)
interior minimum at some py € (0,1). As uj,q. is strictly convex, this minimum is characterized by

% = 0, which is equivalent to f (v) = -5 [ln (1;3 A) + 1%] . Plugging this into the expression

for urpg shows us that ur,g (pa) = s + %(g —5) — %?ﬁ“ >’ s = pa > pf. Now if

pa > pj, we can conclude that ur,g (pa) > s for all py >

211> and hence that pa(z) < p™

Suppose, however, that py < pj < We note that Condition (B.3) being violated implies

X
pEs g
that 75 < p™, as, in the case that p™ < %, we have that a(p™) > TJf/\/\s > s = 2s — pMyg.
Thus, we have that wy,q (p™) > tUnd, (%H) =1 ( - +1> > s, where the last inequality follows from
the fact that %5 > pi > p5. We have thus shown that there exists a unique pa(z) such that
Urnd. (Pa(T)) —l—pA( )g = 2s, i.e. such that ka(pa(z)) = 1. [We have also incidentally shown that
ka >0, as upg > s throughout the mixing region. ]

Turning to the (2,0)-region, value matching at (pa(x), (1 — pa(x))x) gives us
. o ) s —pa(x)g
pa(z)g + fao(@)io(Pa(z)) =28 —pag = foo(z) =2————==
to(pa(x))

in the players’ payoff function
u=pag+ fao(z)io(pa).

In the mixing region, B4 = c4 by construction, and players are indifferent between arm A and
Safe. It remains to show that they do not want to deviate to arm B either. We find that Bp < cp

for all p4 along a given ray z if and only if

gr+ Nz —udz —r(14+2)s — A1 —pa)a(l —z)f'(z) <70
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Using C*uyg (2—”3) =1 (i) — 2 20 in the expression for 8%‘3 = f’(m) derived above, we get

z+1 z+1 r+X z+1
g _ L TEA rs o r+20  (r+Ax)(1l+z) x
Jlw) = —s A (g 8)+)\3:+)\(1—:1:)g Az(1—z) r+1)°

Plugging this into the above condition, one finds that rBg < rcp for all p4 along a fixed ray z if
and only if

grr+Apa—(r+AN)(1—pa)r] —rs2—pa+x(l—z(1—pa))] —ulz

+(r+Am)(1—pA)(1+x)a< ) <0 (B.4)

z+1
for all ps along a fixed ray x. One shows that at ps = 277, Condition (B.4) is equivalent
to o (ﬁ) < 2s — %79, which holds by our assumption that (B.3) is violated. As % =

—%s [ln (lng) + p—lA} — f(z), we note that the left-hand side of Condition (B.4) is strictly concave

in p4. The derivative of the left-hand side of Condition (B.4) w.r.t. p4 (for fixed x) works out as

g+ (r 4+ Nz] + rs(1 — 2?) — )\x({?;;]mﬁmd —(r+X)(1+z)u (x i 1> :
One verifies that this is greater than 0 at p4 = 77 if and only if @ (%ﬂ) < 2s — 179, which is

the case as (B.3) is violated. By concavity, the maximum on [0, 1] of the left-hand side of (B.4) is
thus either reached at the boundary point py = 1 or where the derivative of the left-hand side of
(B.4) is 0. As the left-hand side of (B.4) tends to —rs, so that (B.4) holds as p4 1 1, it is enough to
check (B.4) at the point where the derivative of the left-hand side is 0. Setting the derivative equal
to 0, and plugging the expression into (B.4), one finds that the left-hand side of (B.4) at the point

J 2

r+1?
which is verified. We can thus conclude that a deviation to arm B would not be profitable in this

where its derivative equals 0 is given by —1 —x + ﬁ, which is less than 0 if and only if p4 >

region.

Next, we are turning our attention to the (2,0)-region. Using the PDE for the (2,0)-region,

ou ou r r
)\pApBa]TB = Apa(l _pA)8jTA + (5 + ApA) u— (5 + A) PAY,

one finds that rB4 >’ rea if and only if

. U,
pag+u>"2s <= pag+ (s —palz)g) V({ﬂ >' s
tig(pa(x))

for all p4 along a given ray x under consideration. By strict convexity of g, the left-hand side is
strictly convex in pa, as pa(x) < p". The condition binds at p4 = pa(z). By convexity of the
left-hand side, a sufficient condition for B4 > ¢4 for all p4 along the ray x under consideration is

for the derivative of the left-hand side w.r.t. p4 at pg = pa(z) to be non-negative, i.e.

5y + Da(x) 2
(o)L —pa(@) =

g—(s—pa(z)g)
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which one shows to be equivalent to pa(x) > p5. We can thus conclude that a deviation to Safe is
unprofitable in the (2,0)-region.

In order to argue that a deviation to arm B is also unprofitable in the (2, 0)-region, we shall
first show that there is smooth pasting at (pa(x), (1 — pa(x))x), and hence that Bp is continuous

there. To do so, we first show that Quao 7 Mnd. py pa(x), (1 —pa(z))x), which is equivalent to
opp opp

) =" fho()2PA) (B:5)

Direct computation shows that

fopale)) _y Fale)_| 35+ Pala)

fao(x ) ~palz) - 1—pa(z) | palz)(1 —pa(z))

We know that p4(z) is implicitly defined via the function F : ( PT , 1) X (xi“, 1) — R,

T+ A

o= 5+ 5= payn (524

bA

F(CE,ﬁA) =s+

) + (1= pa)f(z) — 25+ pag =0,

by
F(mvﬁA) =0.

Since, as we have already shown supra, Fj, > 0, we can apply the Implicit Function Theorem to

find ~

. F, 1 —palx f/ l’)

p%(x) - _FﬁA - rs [l (1—I(7A(Z)) _E ))1 <] +f( )_
A PTBa@ ) T BaG) v

Plugging this into the right-hand side of (B.5), and using that F'(z,pa(z)) =0 <= S In (1;1’;?90()@’)) =

. s rA
—f(x) — +1 >;7A((1') 2 4 - ;j( ) 1”’2( ()z)g, one finds that (B.5) indeed holds. We can thus conclude

_ Ourng. _
that 20 = il — f'(2) at (pa(), (1 - pa(a))2).
Moreover, by the PDE for the indifference region approaching (pa(x), (1 — pa(x))z), we have that

(I am suppressing the dependence of p4 on x here)

OUrnd. . R ~ R N .
8;,; = Mpa(l = pa)ef'(x) — Apa(2s — pag) + (r + X)pag — rs.

Apa(l —pa)

By the same token, the PDE for the (2,0)-region approaching (p4(x), (1 — pa(z))z) gives us

Ousg

9 + A) DAY

NpA(L = pa) G = Apa(l = pa)af'(x) = (5 +Apa) (25— ag) + (5

It is immediate to verify that this implies % = %7;)2; at (pa(zx), (1 —pa(z))z), so that we indeed

have smooth pasting at (pa(x), (1 — pa(x))x).
We want to show that in the (2,0)-region 7(Ba — Bg) >’ r(ca — cg) for all p4 > pa(z) along

any given ray x € < i

1—;T , 1>. Fix such a ray x. We have that

B = M1 = palag — AL (4 1) fnlo) + 21 = ) o]
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Let &(x) be defined as the limit of Bp as pa | pa(z) along the ray . Then we can write Bp as

Ba = M1~ pa)ag - 0 to(p (A>)) AL — pala))zg — ré(z)].

By smooth pasting at (pa(z), (1 — pa(x))x), Bp is continuous there, which implies that £(z) <
c¢g((1—pa(x))x). Using furthermore that B4 = (s —ﬁA(az)g)%, we find that (B4 — Bg) >*
r(ca — cp) if and only if

to(pa)

—— 2 (s — pa(r)g) + A1 — pa(x))zg — r&(x)] — ML — pa)zg + rpag — (1 — pa)zg >" 0.
tio(Pa(z))

As ré(z) < reg((1 — pa(x))z) = r(s — (1 — pa(x))zg), a sufficient condition for (B4 — Bg) >’
r(ca — cp) is given by

lio(pa)

tio(Pa(x))

for all pg > pa(z) along the given ray x. It is immediate to verify that this condition binds at

[(r+ A1 —=pa(z))x —rpa(z)] — (r+AN)(1 —pa)x +1pa >7 0 (B.6)

pa = pa(x). Depending on the sign of (r + \)(1 — pa(z))z — rpa(z), (B.6) is either concave or
convex in p4 (for a fixed ). Thus, if we can show that the derivative of the left-hand side of (B.6)
with respect to pa,

ax tpa  o(pa)

(Nt = T pa) Toba (@)

[(r +A)(1 = pa(x))r — rpa(=)],

is greater than, or equal to, 0, at both p4 = pa(z) and py = 1, we are done. As ug(1) = 0, this is
immediate at pg = 1. At pg = pa(x), this is equivalent to

. <7 (r+XNa

Pal®) 2 a1 oy
As pa(z) > i, for this it is sufficient that 5 >7 W%ﬁ%, which is equivalent to A >' 0. We

have thus shown that By — Bg >' ¢4 — cp for all pa > pa(z) along a given ray x, and hence that

a deviation to arm B is unprofitable in the (2, 0)-region as well.

o p{ g (T‘+)\)
We now turn to the case x = T s > 5

and pga > pp. For this case, we shall first

solve the constrained problem in which players do not have access to arm B. Since <1f gA> =

. ApB(l—pa—pB)
K=,y
second step, I will argue that any use of arm B would lead to an instantaneous downward jump
PB,t
1-pa

coincides with the solution to the original problem for

, this implies that = cannot be altered in this constrained problem. Then, in a

in utility , by virtue of the decrease in , so that the solution to our constrained problem

P50 — _Pi_ Tp fact, the solution will
1- Pa0 1*171

coincide with the limit to our solution for the case x > p* as T | -2 T p
pI

As we have seen that (B.3) is always violated at z = = ik players mix over the safe arm and

arm A close to (p},p}). Thus, their payoff function is given by

T+ A

- 1
o) =5+ 5 g - )+ - e (122

) +C(1—pa).
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Value matching at p4 = pj gives us

so that

Asa(p}) > s, it follows that @(pa) > @(pa) > s forall pg € [pf, 1), so that ka(pa) := % > 0 for

all pa < p™. We will now show that the belief p 4, implicitly defined by & A(pa) = 1, is well-defined
and unique. In order to do so, as before, we show the monotonicity of ps — ((pa) := pag + @(pa).

We can now equivalently define p4 via ((pa) = 2s. We have that for py > Pl

a(py) — s

=t >T0 <= (1-p)g+s>"a(p),
1

('(pa) =g+ @ (pa) > g —
where the first inequality follows by the convexity of @ and the fact that @/(p}) = 0. As a(p}) <

5+ Tr'f)f‘ (pt — p3)g, for this it is sufficient that

T+ 2
1—p* >7 ok ’
b = A (p1 — p3)
which one shows to be verified for ¢ T > 2(rT3/\A) Thus, ( is strictly increasing, and ]5 4 is well-defined

and unique. Suppose that p4 > p™. Then, ((p ) =s+ &(pm) < 2s, a contradiction to &(pA) > s
for all p4 € [p},1). Thus, we can conclude that pa <pm
As B4 = c4 by construction in the mixing region, all that remains for us to show is that

By > cy for pa > pa. The players’ payoff function in this region is given by
di20(pa) = pag + Caotio(pa),
where value matching at ;5 A gives us

pAg

020 = 2
ao(pa)

As pa < p™, Cao > 0, and g is strictly convex. We find that B4 = %C&oao(pA), and hence that
Ba>"ca <= pag+ioo(pa) =" 2s.

As this condition is convex and binds at ps = ]5 A, for this it is sufficient that g + 1:/20 (]5 1) >70, ie.
that -

)\ + DA >
pa(l —pa)

?

29— 2 (s~ hag) 0,

which one shows to be verified for ]5 A > Ds.

We have thus verified the solution to our constrained problem. We will now show that players

will never unilaterally want to deviate to arm B if z =

Py
1—p¥
downward jump in utility. We shall first consider the region close to pa = pj, where the constrained
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pi Py
1-p7 1-p7
safe arm. (We write u4 and u_ for the payoff functions pertaining to the former and latter cases,

solution for x = and the solution for x 1 both prescribe mixing between arm A and the
respectively.) For every p4 in this region, we have that @(ps) < @(pa), since C < € <=
u(py) >' 5. From this, it immediately follows that ﬁA < pa. Next, we consider the region 13 4 <
pa < pa. Here, u— < 28 — pag < uy. Turning to the region p4 < pa < 1, we find that
u_(pa) = pag + Ciig(pa) <" pag + Caotio(pa) = uy(pa) < C <’ Co <= h(pa) <' h(pa),
where the function h is defined by h(y) := 20_(%9) for y € (p},1). Direct calculation shows that
h'(y) < 0 if and only if y > p}, which is verified. We can thus conclude that u_ < wy in this

region as well, so that our constrained solution indeed coincides with the solution to our original

problem. As C' = lim i f (), we can furthermore conclude that our equilibrium payoff function
Z.

1717{

Pi
1-p7~
The arguments for the beliefs pg > pa are symmetric, with the roles of arm A and arm B

is right-continuous at = =

reversed. Along the 45-degree line, deviations are ruled out by admissibility considerations. |
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